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Abstract-Basic properties of Bs,(x, y) and Bes,(x, y) functions related to Bessel functions, are presented. The 
functions are defined by double power series : 

Numerous formulae aregiven on the origin of identities, differential formulae as well as the ones for calculation 
of integrals, whose sub-integral functions comprise the foregoing special functions. Some applications of 
Bs,(x, y) and Be&, y) functions are also given with regard to the theory of cross-flow recuperator and to heat 
transfer analysis of gas-cooled clinker beds. Some cases of boundary conditions and initial boundary 
conditions are considered. The solutions are of the so-called closed form which is by far better than those 
achieved by approximate methods. Bs,(x, y) and Be& y) functions may be applied to theoretical analyses of 
heat and mass exchangers, regenerators, ion exchangers and for different kinds ofheavy equipment used in the 
chemical industry. These functions can also be applied to control and protect various physical processes. 

1. INTRODUCTION 

THE SYSTEM of linear partial differential equations in the following general form 

i$l ‘ki. 
aT,(x,,x,,...,x,) M 

iYXi 
= iz, %i’ Tk(xt,xs,. .,x,)+b,(x,,x,,.. .,xN), k = 1,2,. . ., M (1) 

is of essential importance in the theory of heat and mass exchangers, recuperators, regenerators and of chemical 
devices. In practice, engineers usually have to deal with devices where heat- or mass-transfer phenomena take place 
between two media only. In such cases, the above differential equations system reduces to the form 

aT: 
- = a:, T:(x:, x:) + a:2 T;(x:, x:) + b:(x:, x:) 
ax: 

aT; 
- = a:, TT(x:, xf) + & T;(x:, x;) + b;(xr, x;). 
3x2 

(2) 

One should observe that, the analyses of heat exchangers in unsteady conditions and ofregenerators boil down to 
the solution of the following equations system 

aT, aT, 
CII- +CIZ- = a,,T,(x,,x,)+a,,T,(x,,x,)+b,(x,,x,) ax, ax, 

aT, aT, 

‘21,xlfc ax, 
22- = ~ztTt~x,,x,)+~,,T,~x,,x,)+~2~xt~x,). 

(31 \-I 

However, if the matrix [cki] is not singular then the above system may be reduced [l, 21 to system (2). The 
realization of the appropriate transformation of independent variables requires also the correct transformation of 
initial boundary conditions associated with system (3). 

The RHSs of equations (2) do not contain the derivatives of the sought functions and the LHSs contain only the 
partial derivatives of the first order. In certain particular cases (parallel and counter-current heat exchangers in 
steady-state conditions), these derivatives become the ordinary derivatives because XT = xz = x*. 

The equation system (2) is usually solved by means of Picard’s successive approximation method. This method 
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a 

aki 
Ai 
b 

bk 

Bes, 

Bsn 

Bi 
cki 

I” 

Jn 

NOMENCLATURE 

parameter in balance equations system 
of cross-flow recuperator [6] 
constant coefficients 
constant coefficients 
parameter in balance equations system 
of cross-flow recuperator [6] 
given functions of appropriate 
coordinates 
family of functions determined by power 
series (5) 
family of functions determined by power 
series (4) 
constant coefficients 
constant coefficients 
nth order modified Bessel function of the 
first kind 
nth order ordinary Bessel function of the 
first kind 

Tk seeking functions (temperatures), in case 
of cross-flow recuperator 

Tl temperature value of heating medium 

T2 temperature value of cooling medium 

xi coordinates. 

Greek symbols 

81 temperature of clinker beds 

02 temperature of gas medium 
constant coefficient 

: quantificator : for each value of i 

I integration variable, constant coefficient 
in balance equations system of gas- 
cooled clinker beds [l] 

<,rl coordinates. 

Superscript 
* notation of variable or function after 

appropriate linear transformation. 

may be applied when the RHSs satisfy Lipschitz’s condition with respect to the sought functions. This condition is 
usually satisfied in the theory of the above-mentioned devices. 

Before the application of the successive approximation method, equations (2) have to be put into the form of 
Volterra integral equations of the second kind. If the RHSs of the different equations are linear with respect to the 
sought functions and the coefficients are bounded then there exists the matrix function resembling the Green or 
Riemann functions or resolvent. The convolution of this function with the free term of the Volterra equation 
constitutes the solution of the equations system considered above. However, in the case when the coefficients are 
constant and the equations are linear, the function may be calculated effectively and constitutes the matrix power 
series which is convergent for all values of real or complex variables. 

The method ofsuccessive approximations is ofgeneral meaning and is based on the assumption that the RHSs of 
differential equations satisfy the Lipschitz condition with respect to sought functions. This method is rather work- 
absorptive and provides serious difficulties when one tries to write down the obtained matrix series in a general 
form. 

In simpler cases, e.g. when b:(xf, xz) = 0, it happens to apply the Laplace transformation [3,4]. However, even 
by relatively simple forms ofinitial boundary conditions one obtains the solution in the form of integrals, which up 
to now has to be calculated numerically. 

In refs. [ 1,2,5,6] are presented the solutions ofdifferential equations considered here for different forms ofinitial 
boundary conditions. These solutions are based on the calculus of Mikusinski operators [7]. The creator of this 
calculus substantiated it on the basis of abstract algebra outgoing from the properties of convolution and 
Titschmarsh’s theorem. This substantiation is simpler than the theory of integral transformations and assures 
uniqueness of operations on the functions being integrable in the Lebesgue sense. 

The solutions mentioned above contain two families of some special functions Bs,(x, y) and Bes,(x, y) defined by 
means of a double power series of the form 

Bes,(x, y) 2 

Both these families of functions are defined for each integer n. They are related to Bessel functions. In regard of this 
fact, we have introduced the foregoing nomenclature for them. The demonstrated power series are absolutely and 
nearly monotonously convergent in the Cartesian product Z, x Z, of the two open complex planes of variables z1 
and z2. The majority function of Bs, and Bes, functions is the series of theexponential function exp (lzrl + 1~~1). The 
above properties are automatically the same for the function of real variables. 
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The family of functions (4) is associated as well with the functions y,(x, y) [S]. The appropriate relations are 

Y&9 Y) = gBS2”G, ;)+BSlr( - 5, - ;)I 

Y2n+l(x,Y) = ;ps2”(;, +s2”( - f, - $)I. 
(6) 

The introduction of Bs,(x, y) and Be&, y) functions permits us to obtain certain solutions in the so-called closed 
forms [f, 2,6] of the differential equations system considered here. It is also possible to obtain the same solutions 
when the initial boundary conditions are different in form than those presented in this paper. 

In order to apply the Bes, and Bs, functions to theoretical analyses of heat and mass exchangers, recuperators, 
regenerators, ion exchangers and for different kinds of heavy equipment used in the chemical industry and in the 
control and protection of various physical processes, it is necessary to know the basic properties ofthose which are 
presented in successive sections. 

2. PROPERTIES OF FAMILIES OF Bes,,(x, y) AND Bs,,(x, Y) FUNCTIONS 

In this section we adduce basic properties of the families of Bes,(x, y) and Bs,,(x, y) functions. Numerous 
identities, differential formulae and formulae for finding the primary functions ofsome class offunctions including 
Bes,(x, y) and Bs,(x, y) functions are given. 

2.1. Identities 
Since series (4) and (5) are absolutely convergent, the order of summation may be changed. This property yields 

the following identities 

Bes,(x, y) 3 

*L(&/(xy)), for xy > 0 

- J,(2J( - xy)), for xy < 0 

(7) 
Bes,(x, y) = Bes _ .(y, x) 

x” * Bes_,(x, y) = y” * Bes,(x, y), for n > 0 or xy # 0 

a” * Bes,(x, y) = Bes, , for a#0 

a”*Bes_,(ax, y) = Bes,(ay,x), for a # 0 or n > 0 

and 

BS,(x,y)+Bs_(,_,,(y,x) = ex+y 

I 
n-1 

$+Y_ c BesAx, y), for n 3 1 

Bs,(x, Y) + Bs,(Y, x) = 
k= -(n-l) 

! 

k= -n 

ex+y+ c Besk(x, y), for n < 0 
k=n 

m-l 

BS,-,(X,Y)-BS,+,(X,Y) = c BeS,+&Y), for km a 0 
k=-I 

Bs,, - 1(x, Y) + Bs2n- A-x, - Y) = Bs2,(x, Y) f Bs2,( - x, -Y) 

Bs 2”+1b~Y)-J32”+l(-~, -Y) = ~S2&Y)--Sz,(-x> -Yh 

(8) 

The subsequent identities may be obtained in a different way. The system ofdifferential equations (2)is symmetrical 
with respect to the change of both the first index of a$ and bz and vice versa. Simultaneously there exists the same 
symmetry with respect to the change of independent variables xf. Hence we have an analogous symmetry of the 
solutions. 
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The following identities result from the symmetry and the invariance ofsystem (2) with respect to translations of 
the coordinate system 

s 

Y 
BesAx, +x2, Y) = Bes&, Y) + Bes,(x,,tl).Bes,(x,,y-?)d? 

0 

Y 

Bes,(x, +xz,y) = Bes,(x,,y)+Bes,(x,,y)S 
s 

Beslh,v) ~~esl(~~7~-~)dtl 
0 

s 

.=z 

Beso(x,+~z,yx+y2~ = Be&t+x2,yl)+ Bes,(y,,#*Beso(y~,xlfx2-~)d~ 
0 

s 

Y2 

+ Beso~x~~~.~es~(~~,~i +y2--rl)drl 
0 

s 

Y* 

Beslh+x27~~+~A 5 B4xl~yl+~z)+ Bes,(xz,?).Besl(x,,y,+yz-rl)drl 
0 

J* 

x2 

+ Bes,(y,,5).Beso(y,,x, +xz-51dt 
0 

s 

Y 

Bes,(y,x, fx,) = B&x,, 4 * Besoh Y - 4 dv 
(9) 

0 

s 

* 

Bes,(x, Y 1 + yd = Bes,(g,~,).Bes~(x-5,~~)dS 
0 

Besob2, YJ = Bes&, yJ+ 
I 

Y3 

Beso(x,,yl+?).Bes,(xz--x,,y,-rl)d? 
0 

i 

XL 
- Bes-,(5,y,)*Beso(x,-_,y,)dr 

0 

Besl(xz,y2) = J*Beso(x,+r,~,).Bes,(x,-t;,y2-y,)dT 

s 

Yl 
- 

Bes,(x,,rl).Bes,(x,,y,-~)d?. 
0 

The identities above are used in various transformations when instructing the final forms of the solutions of 
system (2). They are also used when finding the primary functions ofsome class offunctions including the Bes,(x, y) 
and Bs,(x, y) functions. 

2.2. Di~erentiai formulae 
The formulae for the differentiation of the considered families of functions are listed below 

~&Sax, Y) 

i?x 
= a*Bs,_,(ax,y) 

aBs.:Xy,fiy) = fi*Bs,+,(x,/?y) 

and 

dBes,bx, y) 
ax 

= a * Bes, - &cx, y) 

aBesi; “) = p - Bes, + 1(x, fly). 
(11) 

2.3. Formulae forfinding primary functions 
In this section a number offormulae for finding the primary functions ofa class of functions including the families 

Bq(x, y) and &s&x, y) are given. The formulae below can be implied from identities (7) and (8) and differential 
formulae (10) and (11). The integration constants are omitted here. 
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When subintegral functions are expressed by means ofthe Be&, y) functions, we obtain the following formulae 

s 
BesAx, Y) dy = Bes,- i(x, Y) 

(B . Y)” 
m! Bes,(x, 6y) dy = f 

0 
f m~k~o(-I)m~k~~~Bes..,+k(x,dy), 6 # 0 

euY*Bes,(x,y)dy= -(-a)‘mlSeay*Bsn(-t.-ay), a#0 
(12) 

s 
y”e”YBes,(x,y)dy = -(-a)-(“+l).xn~eay.Bs_ “( -3 -ay). a#O, n>O or xy#O 

o(-~,-ay)+$*Bs_l(-~,--ay)], a#0 

and 

s 
B&x, y) dx = Bes, + 1(x, Y) 

s (B .x1” 
I Bes,(yx, y)dx = ! 

m. 0 
t mk~~(-l)m-k.~Be~~+~+l-~(YX.Y)i Y f 0 

s euxBes,(x,y)dx = (-a)-(“fl)*euX.Bs,+l (-ax,-:), a#0 

s 
x”eaXBes_.(x,y)dx = y”. 

s 
elU.Bes,(x,y)dx, a # 0, n 2 0 or xy # 0 

(13) 

When subintegral functions are expressed by means of the Bs,(x, y) functions, the following formulae are valid 

I Bs,(x, Y) dy = Bs, - 1(x, Y) 

s (BY)” ?Bs,(x,ay)dy = f 
m. 

m f (-~)“‘~~~~~-~-,+,(X,sy), 6 # 0 
k=O 

s cay Bs,(x, 6y) dy = f eaY f 
j=O 

__eaY- g (-a)k-l.B _E 

cay Bs,(x, y) dy = 
k=n 

sk( a~-a~)~ a#0 

Bs,(x,y)-(-a)“-‘Bs n(-~t-ay)]9 

and 

s W-T y) dx = Bs, + I@, Y) 

a # 0, a# -1 

s (B * 4” -Bs,(yx,y)dx =;(;r* f (-l)m-k~~~Bsn+,+l-k(yx,y), y #O 
T?l! k=O 

eax B&x, y) dx = f eax * h+l+i(YxvYh Y Z 0 

(14) 

(15) 

s eux Bs,(x, y) dx = 

e”‘*k$n(-a)-(k’l)*Bsk+l (-ax,-:), a#0 

Bs,(x,y)-(-a)-(“+‘)Bs n(-ax, -i)], a#O, a# -1. 
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Making use of the differential formulae, equations (10) and (1 l), it is easy to derive the following two types of 
formulae 

s 
Bes,(x,pY).Bes,+,(x,By)dY = Q& CBes,(Bx, Y)lZ, P f 0 

s Bes,(ax, y) * Bes,_ l(ax, y) dx = i a’“- ’ - [Bes,(x, ay)]‘, a#0 

(16) 

s Bs,(x, BY) - Bs,+ &, By) dy = $ CWx, BY)]‘, B Z 0 

(17) 

Wax, Y) * Bs,- hx, y) dx = k CWax, y)l’, a # 0. 

The properties presented above of the two families of functions make it possible to obtain the solutions of many 
technical problems in a ‘closed’ form although the properties above are not completed. In this paper, we confine 
ourselves to the analyses ofthe cross-flow recuperator and the heat transfer in the fixed clinker beds cooled by a gas 
medium. 

Further properties of the Be& y) and Bs,(x, y) functions and their applications, in the theory of regenerators 
and heat exchangers in unsteady conditions, will be treated in another paper. 

3. EXAMPLES OF APPLICATIONS OF THE Bes,(x, y) AND Bs,(x. y) 
FUNCTIONS IN THE HEAT EXCHANGERS THEORY 

In this section we describe a number of practical applications of the heat transfer theory examined in Section 2 for 
the two families of functions Bes,(x, y) and Bs,(x, y). 

3.1. The cross-jlow recuperator 
One of the simplest applications is the theory of the two-media cross-flow recuperator under Nusselt’s 

assumptions [9, lo]. This problem was considered in ref. [6], where the exact solution, adduced below, was found. 
It is known that the mathematical description of the cross-flow recuperator under the assumptions mentioned 

above reduces to the following system of two linear partial differential equations of the first order with constant 
coefficients 

(18) 

and the boundary conditions 

&(5 = 0,~) = 1 
T,(<,q = 0) = 0. 

(19) 

The final form of the solution was found [6] in the following form 

T,(5, ‘I) = 1 - exp C -(a5 + WI * Bs,W, brl) 

T,(5,4 = 1 - w C - (4 + WI - Bs&<, btl). 
(20) 

It is easy to verify that equations (20) fulfil equations (18) with boundary conditions (19). However, in the case when 
boundary conditions are defined by means of the exponential functions 

Tl(< = 0, q) = A, * eAzq 

T,(&q = 0) = B, .eBzr 
(21) 
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the solution of the balance equations (18) is given by 

x Bs, (B,+a)& ab Bion]--A’.Bs,[~i,(A,+b)n]} 
2 

(22) 

It is worth underlining that, if A, = 1 and A, = B, = B, = 0, then conditions (21) become equivalent to 
conditions (19) and solution (22) reduces to solution (20). 

Let us consider such a case when the inlet fluid temperatures are linear functions of appropriate coordinates. It 
means, that 

T,(5=O,v)=&+A1*rl= w,(q) 
7’2(5,tl = 0) = B,+B,5 = W,(t). (23) 

Based on the general solution [ 1, 5,6] of system (18) one obtains 

T,(t, 4 = e -~~(w,(s)[l+~~e - bp * Bes,(ab& p) dp ] ~.~~P.e-bY.Bes,(abS,I)d~~+~.e-b~ -A 

em”‘* Bes,(abq, p) dp-B, . p’e-“” - Bes,(abq, p)dp 

pembfl - Bes,(ab<,p)dp 1 +eebV 

(24) 

We give this form of solution in order to pay attention to types of subintegral functions for which the primary 
functions should be found. 

Making use of the formulae presented in the previous paragraph, one finally obtains 

T,(t,rl) = Wh)- l-e- ‘“‘ib”‘.Bs,(a~,b~)]-_~t.~[1-e-“‘tb~).Bs_,(a~,btl)l+W,(~).e-(”+b~) 

xBs,(aS,btl)+lB,.e-‘“‘+bn) 
a 

. {MBesoM, brl) -BsM WI - BsIGC WJ 

T,K,tl) = wAd* Cl -em (~t;+b”)B~o(a<, bq)] - i A,{(1 +~5)-e-(““~~)[ar.(Bes,(aS, bq) 

+B~-~(a5,bd)+Bs~(ar,b~)]}+~~(~).e-(~~’~~).Bs~(u~,b~)-~.B~.~.e -M+~~). Bs,(a& bq). 

At present, we are going to generalize a form of the boundary conditions (23). We consider the case when these 
conditions are defined by means of polynomial functions of degree N and M, respectively 

i=O 

T,(& q = 0) = 5 Bi * r’ = W’(r). 

i=O 

(26) 
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The solution then takes the form 

(27) 

Let us observe that, for M = N = Oand A, = 1, B, = 0, the solution above becomes identical with equations (20) 
and, for h4 = N = 1, is identical with equations (24). 

The following integrals occur in formulae (27) 

y,(.u, y) = 
s 
yk euy Bes,(x,y)dy, CI # 0 

J 
(28) 

cD,(x, y) = yk cay Bes,(x, y) dy, a # 0. 

In the previous section, we have given formulae for calculation of the functions y’, and ek when k = 0 and 1. For 
any natural number k 2 1, the following recurring formulae hold 

where 

Reiations (29) and (30) are next used in formulae (27). We do not present possible transformations of solution (27) 
because formulae (27) and (30) constitute a su~ciently clear algorithm for eventual numerical calculations. 

We call the reader’s attention to the fact that, due to introducing the two families of Be,&, y) and I&(x, y) 
functions, finding solution (27) with boundary conditions (26) is available without refering to approximate 
analytical or numerical methods. 

The presented examples do not exhaust all possible forms of boundary conditions which may be associated with 
system (18). However, one should note the fact that, the problem of finding a solution of this system of equations 
with every type of boundary condition may be reduced to calculation of appropriate integrals for which 
subintegral functions involve functions from the family (5). The knowledge of determining primary functions 
enables us to obtain the solutions in the so-called closed form. If boundary conditions are such a type that it is 
impossible analytically to calculate some integrals, occurring in the solution of system (18), or if determining of 
primary functions is not purposeful from practical reasons, then these integrals are calculated numerically. 

Apart from this, such a method of determining a solution is better than approximate analytical and numerical 
methods because it leads to more precise results and less time is necessary for calculations. What is more, there does 
not exist the problem of convergence which is essential in approximate methods. 

3.2. Thefixed clinker beds cooled by a gas medium 
Another example of applications of Bes,(x, y) and Bs,(x, y) functions is the problem of heat transfer in fixed 

clinker beds cooled by a gas medium. Necessity of its solution appears during the determination of the volumetric 
heat transfer coefficient, which is one of the basic parameters defining physical properties of the beds. Theoretical 
and experimental analysis reduces to the exploration of unsteady thermal conditions caused by an appropriate 
heat source located in the control plane in front of the beds. 

Under some simplifying assumptions, this problem consists of finding a solution of the differential equations 
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system describing the energy conservation of the beds and a gas medium [l] 

with the initial boundary conditions 

This problem was solved in ref. [l] under the assumption 

In this case, the solution is given by 

f(T) = 1-ee-K7, K # 1. (33) 

(34) 

(31) 

(32) 

The solution for the case when K = 1, omitted in ref. Cl], is given in the Appendix. Now, we consider the case when 

the initial condition is as follows 

f(r) = 1-4i.r. (35) 

Below, the method of finding a solution for the differential equations systems (3) described in ref. Cl], is applied. 
Observe that system (31) is a particular case of system (3). Since in the case considered the matrix [cki] is not 

singular, the system above may be reduced to the form (2). 
The transformation of variables 

1 5* = 5 
T* = T-/l< 

yields 

ae: 
- = e;-0: 
at* 

ae: - = q--e; 
at* 

(36) 

(37) 

where 

at, T) E ew, ~7 = e:g, T +). (38) 

The following initial boundary conditions 

eyg*, 0) = 0 

e;(o, r*) = f(~*) (39) 

are associated with system (37). 
The problem of unsteady heat transfer in the beds was reduced to finding of a solution of the same differential 

equations system as in the case of the cross-flow recuperator. For these reasons, we pay attention to those elements 
which were omitted above when determining solutions of system (18) and to the inverse transformation of 
variables. 
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The solution of system (37) with the initial boundary conditions (39) may be expressed as 

@:(t*,r*) = e-c*. f(r*-n*).e -1* * Bes,(<*, q*) d$ 

B:(~*,T*) = esg** 

After the inverse transformation of variables, we arrive at 

It is interesting to note that the important relation 

ix?: 
a7* 

= e-r**df 
r*L‘rJ dr* r*=u 

(42) 

instantly results from equations (40). This fact was observed in ref. El]. This formula may be used when elaborating 
a method of measurement of the volumetric heat transfer coefficient. 

Since 

Yt(c*,r*) = -<**em’*Bs_,(~*,t*) 

(D,(t*,z*) = -em’*[7* *Beso(S*,7*)+Bs&*,7*)+~*Bs,(g*,7*)] 
(43) 

and 

( 

Y,(r*,O) = --r*.eP 

(Dr({*,O) = -(l +{*)e<* (44) 

solution (40) with initial boundary conditions (35) may be written as 

@({*,r*) =(l-AI.2*)*[1-e-fg’+r*) Bso(5*,7*)]-A,Ce-(~*i” 

x C7*~Beso(~*,z*)+Bs,(5*,7*)+5*Bs-,(~*,7*)I-(1+~*)~ (45) 

8~(~+,7*)=(1-A,~r+)[1-e~f~~~“~Bs,(~*,r*)]+A~~~’[1-e~~P~“~Bs_,(~*,7*)]_ 

Next, after the inverse transformation, these expressions may be rewritten in the form 

0,(&r) = [l-A, .(r--PC)] {l -e-rt*-~)T+‘1Bsg(;,t-~~)))--Ar(e-[(1-”)5+r1.[(7-ju~) 

x Beso(T,t-118+Bs,(5,t--~)+r.Bs-tfr,~-~~f]-(1+5)j (46) 

O,(T,r) = [l-A, .(t-~5)](1-e-[(1-P’~‘~1Bs,(5,r-~5)}+A,5{1-e-[”-“)~+‘1Bs_1(~,z-~4)~. 

If unsteady thermal conditions in the system : fixed clinker beds-gas medium are caused by such temperature 
changes in the inlet clinker beds section which may be approximated by the function 

j”(r) = 1 - 2 Ai * 2 (47) 
i=1 

then solution (40) takes the form 

@:(<*,r*) i= [t -e-“*+“)Bs,(5*,~*)] - I_ i A,-T*i 
( 

-Al{e-f~*+r*) 
i=l > 

x [7* - Beso{<*, 7*)+Bso(5*, + - *B 7 ) t ~-1(5*,~*)1-(1+t*)) +Q&*,t*) (48) 

@$(<*,z*) = [1-e~~r*‘z’~Bs,(~*,7*)J~ 
> 

+A,~~*[1-e-‘~*+‘~Bs_,(~*,7*)J3QQz(~*,z*) 

where 

Qx(<*,T*) = -e-5’ ; ,& i (-l)k ~*i-kCwS*,7*)-cpk(~*,0)] 
i=2 k=l 

Qz(t*,t*) = -eer f di i (-l)k 7*i-kCY&5*,Z*)-Yk({*,0)]. 
i=2 k=l 

(49) 
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Taking into account expressions (29) and the formula 

one obtains 

Qi(<*,r*)= -e-(~*+~i[Ees,(C’,~*)+~es,oli~~Ai~I*’--e-~*i~~Aik~~(-1)k 
0 

i T*i-k((k- 1) 

’ C~k-l(r*,T*)-~k-1(5*,0)]+(k+5*)[~k-1(5*,Z*)-~k-*(5*,0)]} 

Q2(<*,~*) = -e-(~*‘“).Bes,(S*,z*) 5 Ai*z*i-e-‘**ii2Ai i (-l)k 
i=2 k=l 

Next, these relations should be taken into consideration in solution (48). The inverse transformation is carried out 
in the same way as in the two previous examples. 

Observe that, if A, = A, = . . = A, = 0, then the latest solution becomes identical with expressions (45). If, in 
addition, A, = 0 then this solution becomes identical with equations (20). An analogous analysis may also be 
carried out in the case of solution (27). 

4. FINAL REMARKS 

(1) Special attention should be paid to one of the identities (7). This identity determines the relation between Bes, 
functions and nth order first kind ordinary and modified Bessel functions .Z, and I,. Making use of intermediate 
results [6] obtained in the course of solving the problem (18) and (19), one can write solution (20) in the form 

(52) 

For considered values of arguments, the Bes, functions are related to modified Bessel functions I,. Taking into 
consideration the foregoing mentioned identity in solution (52), one obtains 

T,((, q) = em”< - {l+(ab#!2-Jle -bP. Z,[2(ab5/*)“2]p- I” dp 

ra (53) 

T,(<,~z) = b*eWas. 
J 

eebP* Z,[2(ab<~)1’2]d~. 
0 

In such forms [4, 111 are cited solutions of various technical problems described by the system of differential 
equations of the form (2) or (3). However, let us note that making use of the definition 

and using as well the previously discussed identity, one obtains solution (20) as well as solution (53) in the following 
form 

‘~‘,((,q) = 1 -e-(~~+b~) 

(55) 

Similar transformations can be also done for the remaining solutions written in the preceding section. In refs. [ 1,2, 
5,6], the relation between the family of Bes, functions and the Bessel functions was not exposed properly. 

(2) It seems that solving differential equations (2) or (3) using Bes,(x, y) and Bs,(x, y) functions is much more 
effective than that based on the so-called fundamental function [4, 12, 131 of the form 

s 

X 
J(x,y) = l-eWY* e- * Zo[2(~y)‘lZ] dp (56) 

0 
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or 

#(x,Y) = Cl-J(~y)le”+~. (57) 

(3) In the scope of the problems contained here ref. [14] is worth a note. Montakhab obtained in principle the 
identical solution of the problem which is equivalent to equations (18) and (19) or equations (31) and (32) in a 
different way. However, he restricted his attention to the analysis of one particular case, not trying the 
generalization presented in refs. [l, 2,5,6] and also in the present work. 

(4) It should be stated that it is possible to obtain the solution in theclosed formofdifferentialequation systems in 
the form ofequation (2) or equation (3) with various boundary or initial boundary conditions. Therefore, there is no 
need to use approximate methods. Only in cases of especially complicated forms of boundary or initial boundary 
conditions is it necessary to calculate some integrals nume~cally. However, it is a much easier task than 
numerically solving systems of equations of the form of equation (2) or equation (3). 

(5) The systems of differential equations considered in this paper have the differential form of energy balances 
and are rather commonly used in the theory of heat transfer and in chemical engineering. The assumptions made in 
the course of simplifying the full energy balances can be accepted in the analysis of many physical phenomena and 
chemical processes. This fact proves the potential possibilities of the proposed method ofobtaining the solutions 
and of the Be&, y) and Bs,(x, y) functions. 

(6) The relation between Bes,, functions and Bessel functions J, and I, enables one to obtain many primary 
functions for subintegral expressions containing the mentioned Bessel functions. The majority of results obtained 
in this way is not given in the commonly known and highly estimated work [ 151. 
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APPENDIX 

If we set K = 1 in the initial condition (33), then the solution given by formulae (34) possesses singularity which may be 
eliminated by taking the limits 

%l(& 7) IX= I = lim Bit, T), i = 1,2. (Al) 
r-1 

In order to show this, solution (34) is rewritten in the form 

Wt,71= l-expj-~(l-~)fS+~l)~Bs~S.~-~S)+Plf~,~) 

%&, 7) = 1 -exp{-C(l-~)T+71}~Bs,(~,r-~lr)+P,(t;,r) 
64’4 
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where 

In the sequel we shall only transform terms P, i = 1,2. First, we write them in the form 

I> 
(A4) 

Applying in turn : 

(1) one of identities (8), namely 

(2) definition (5) in the form 

(3) one of identities (7), namely 

er+Y = Bs,(x,Y)+Bs_._,,(y,x), 

Bs,(x, Y)- gs, + 1(x, Y) = Bedx, Y), 

a” - &3,(x, y) = Bes, ( > ax, y 
a ’ 

a#0 

one obtains 

P&4= -exp{-CU-A5+tl}- Bes-,(<,r-pt;)-&Bs, (1-IC)(Z--&),A[ 
[ 11 (AS) 

PK7)= -exp{-U-At+rl}* II 
We have the following relations 

(A6) 

because the value of k is always less than m, 4 max (k) < m. Consequently, the final forms of terms P,, P, are 

P,(&r)= -exp~-C(1-~05+7l}.Bes-,(~,r-~~) 

P2(C1 7) = -exp { - CU -45 + 71} * Bes,(l, T -pt). 

Substituting relations (7) into expressions (I), we obtain the solution for the K = 1 case in the form 

ML r) = 1 -exp { - C(1 -~)r + 71) * C&(6 r -PO + Bes- &, r -d)l 

ML 7) = 1 -exp { - C(1 -@)c+ rl} * Cgs~.(t r --p(r) + Bes,(S, r-&)J. 

The same result may be obtained by straightforward checking from formulae (41). 

(A7) 

(A8) 
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PROPRIfiTl?S DES CERTAINES FONCTIONS SPECIALES ALL&ES AVEC LES 
FONCTI~NS DE BESSEL ET LEURS APPLICATION EN THEORIE DES ECHANOEURS 

DE CHALEUR 

Resume-On a present& les propriitis de base, alliees avec les fonctions de Bessel, des deux familles de 
fonctions Be&, y) et Bs,(x, y) lesquelles sont dtfinies a l’aide des series entieres : 

Be&, y) 1 
nz Xm+n m 

.=,.f;-..o,(m+n;m. 
On a donne les nombreuses formules qui sont de la forme d’identitts, les regles de derivation et les formules 
pour calculer des integrales desquelles les fonctions sous-intigrales comprennent les series entieres cities ci- 
dessus. Puis, on a dimontre quelques applications des fonctions Bs,(x, y) et Bes,,(x, y) en theorie d’un 
rtcuperateur a courants croisis avec brassage et dun gisement immobile de clinkier qui est refroidi par un gaz. 
On a consider& quelques cas des conditions aux limites et conditions spatio-temporelles. Les r&solutions 
obtenues sont exprimees sous la forme analytique. Cette forme a une supbrioritt ividente sur les solutions 
approximatives. Les fonctions Bs,(x, y) et B&c, y) peuvent itre appliquees en analyse theorique de dikrents 
types des tchangeurs de chaleur et de masse, d’appareils utiliis en genie chimique et en thiorie de reglage et 

protection deconsidtrablenombredes processus physiques. 

DIE ANWENDUNG DER SPEZIELLEN MIT BESSELFUNKTIONEN VERWANDTEN 
FUNKTIONEN IN DER WARMEAUSTAUSCHERTHEORIE 

Zusammeufassung-In der vorliegenden Arbeit sind grundlegende Eigenschaften der speziellen Funktionen 
Bs,(x, y) und Bes,(x, y), die mit Bessel-Funktionen verwandt sind, dargestellt. Die erwiihnten Funktionen sind 
mittels der Potenzreihen von zwei Veriinderlichen definiert. Die entsprechenden Potenzreihen sind von der 
Form : 

Bes,(x, y) 2 

Es sind dabei zahlreiche Formeln fur die Identitaten, die Formeln fiir die Differentiation als such die Formeln 
fiir die Integration der erwlhnten Potenzreihen angegeben. Urn die Anwendung dieser vorgeschlagenen 
Potenzreihen zu erllutern, sind einige Beispiele, wie z.B. der Kreuzstrom-Wlrmeaustauscher und der 
Klinkerkiihler, durchgerechnet. In der Betrachtung sind verschiedene Rand- und Anfangs-Bedingungen 
angenommen. Die Losung dieser Aufgaben ist in geschlossener Form dargestellt, was besonders im Vergleich 
zu den angenaherten analytischen und numerischen Lijsungen vorteilhaft ist. Die Funktionen Bs,(x, y) und 
Bes,(x, y) kiinnen such in der theoretischen Analyse zahlreicher Wlrmeaustauscher, Regeneratoren und 
chemischer Apparate angewandt werden. Unabhlngigdavon kijnnen die oben definierten Funktionen in der 

Regeltechnik zahlreicher technischen Aufgaben, die in der Physikochemie auftreten, behilflich sein. 

0 CBORCTBAX HEKOTOPbIX CIIEIJWAJIbHbIX @YHKL(MI?, CBR3AHHbIX 
C QYHKI@iIIMM EECCEJIR, M MX IIPkiMEHEHklH flPM PACqETE 

TEfIJIOO6MEHHWKOB 

AHHO+a~~PaCCMOTpeHbI OCHOBHbIe CBOkTBa ChyHKIIHg Bs.(T,y) II Bes.(x,y), CBR3aHHbIX c 

+yHKuIIaMII 6eCCeAs II On~AeAaeMbIXABOfkIbIMII CTeneHHbIMW paAaMn: 

Bs,(x, y) ‘!! 

I 

Bes.(x, y) g 
CP,+“Y” n=ma;-n.o, cm + n)! m! 

npnBeAeHbI MHOrOWCAeHHbIe TOxAeCTBa, AII~~e~HnIIaAbIIbIe paBeHCTBa II I$OpMyAbI AAR paCqeTa 

"HTerpaAOB, "OAbIHTerpaJIbHbIe ISbIpa~eHna KOTOpbIX BKAm'IalOT yKa3aHHbIe BbIIIIe CneII‘IaflbHbIe 

@yHKIIIIIIie.TaK~e nOKa3aHO npHMeHeHae (P~HKIIH~~Bs.(x,Y) II Bes.(x, y) rIpN paCqeTe,l%ZKynepaTHBHbIX 
TenAOO6MeHHHKOB c nepeKpeCTHbIM "OTOKOM II aHanH3e rennonepeHoca oxnaxraaehlbrx ra30h4 cJlOeB 
IIIAaKa. PaCCMOTpeHO HeCKOAbKO CAy'Iaea rpaHWIHbIX II Ha'IaAbHbIX yCAOBHk PeIIIeHHa, npACTaBAeH- 

HbIe B TaK Ha3bIaaeMOM 3aMKHyTOM BHAe, AyWIIe, 'IeM "OJIy'IeHHbIe npEI6JIHIUeHHbIMH MeTOAaMn. 

@yHKunn B&(x, y) H Be&(x, y) MOXHO nCIIOnb30BaTb AAn aHanH3a Tenno-H MaccOO6MeHHHKOB, 
pereHepaTOpOB, IIOHOO6MeHHnKOB A pa3JIHYHOrO pOAa TaXCeJIOr0 060pyAOBaHHIb npHMeHaeMOr0 B 

XIIMWIeCKOti npOMbImAeHHOCTH. OHW MOryT TaKme HCnOnb30BaTbCa AJIa KOHTpOJIa pa3AH'IHbIX 

@3nqecKnx npoueccoe. 


