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Abstract— Basic properties of Bs,(x, y) and Bes,(x, y) functions related to Bessel functions, are presented. The
functions are defined by double power series:
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Numerous formulae are given on the origin of identities, differential formulae as well as the ones for calculation
of integrals, whose sub-integral functions comprise the foregoing special functions. Some applications of
Bs,(x, y) and Bes,{x, y) functions are also given with regard to the theory of cross-flow recuperator and to heat
transfer analysis of gas-cooled clinker beds. Some cases of boundary conditions and initial boundary
conditions are considered. The solutions are of the so-called closed form which is by far better than those
achieved by approximate methods. Bs,(x, y) and Bes,(x, y) functions may be applied to theoretical analyses of
heat and mass exchangers, regenerators, ion exchangers and for different kinds of heavy equipment used in the
chemical industry. These functions can also be applied to control and protect various physical processes.

1. INTRODUCTION
THE sYSTEM of linear partial differential equations in the following general form
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is of essential importance in the theory of heat and mass exchangers, recuperators, regenerators and of chemical
devices. In practice, engineers usually have to deal with devices where heat- or mass-transfer phenomena take place
between two media only. In such cases, the above differential equations system reduces to the form
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One should observe that, the analyses of heat exchangers in unsteady conditions and of regenerators boil down to
the solution of the following equations system

oTy oT,
€11 x. +e1a5— = ay Ti(xq, X2} +ay, Ty(x g, X5) + by(xy, X5)
X 0x, o
oT, oT,
€21 a_z teyp—t = ay1 Tilx g, X5) + a5, Th(x1, X2) + by(xq, X5).
X, 0x,

However, if the matrix [¢,;] is not singular then the above system may be reduced [1, 2] to system (2). The
realization of the appropriate transformation of independent variables requires also the correct transformation of
initial boundary conditions associated with system (3).

The RHSs of equations (2) do not contain the derivatives of the sought functions and the LHSs contain only the
partial derivatives of the first order. In certain particular cases (parallel and counter-current heat exchangers in
steady-state conditions), these derivatives become the ordinary derivatives because x¥* = x¥ = x*.

The equation system (2) is usually solved by means of Picard’s successive approximation method. This method
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NOMENCLATURE

a parameter in balance equations system T: seeking functions (temperatures), in case

of cross-flow recuperator [6] of cross-flow recuperator
a;  constant coefficients T, temperature value of heating medium
A;  constant coefficients T, temperature value of cooling medium
b parameter in balance equations system X; coordinates.

of cross-flow recuperator [6

¢ cup [6] Greek symbols

be given functions of appropriate 0, temperature of clinker beds

coordinates 0 temperature of gas medium

Bes, family of functions determined by power 2 P g
. K constant coefficient
series (5) . .
. . . A quantificator : for each value of i

Bs, family of functions determined by power i ) . . .

series (4) U integration variable, constant coefficient
B in balance equations system of gas-

i constant coefficients .
' onstant ¢ cie cooled clinker beds [1]
¢  constant coefficients .

&, coordinates.

I, nth order modified Bessel function of the
first kind Superscript

J, nth order ordinary Bessel function of the * notation of variable or function after
first kind appropriate linear transformation.

may be applied when the RHSs satisfy Lipschitz’s condition with respect to the sought functions. This condition is
usually satisfied in the theory of the above-mentioned devices.

Before the application of the successive approximation method, equations (2) have to be put into the form of
Volterra integral equations of the second kind. If the RHSs of the different equations are linear with respect to the
sought functions and the coefficients are bounded then there exists the matrix function resembling the Green or
Riemann functions or resolvent. The convolution of this function with the free term of the Volterra equation
constitutes the solution of the equations system considered above. However, in the case when the coefficients are
constant and the equations are linear, the function may be calculated effectively and constitutes the matrix power
series which is convergent for all values of real or complex variables.

The method of successive approximations is of general meaning and is based on the assumption that the RHSs of
differential equations satisfy the Lipschitz condition with respect to sought functions. This method is rather work-
absorptive and provides serious difficulties when one tries to write down the obtained matrix series in a general
form.

In simpler cases, e.g. when b¥(x¥, x3) = 0,it happens to apply the Laplace transformation [3, 4]. However, even
by relatively simple forms of initial boundary conditions one obtains the solution in the form of integrals, which up
to now has to be calculated numerically.

Inrefs.[1,2,5,6] are presented the solutions of differential equations considered here for different forms of initial
boundary conditions. These solutions are based on the calculus of Mikusinski operators [7]. The creator of this
calculus substantiated it on the basis of abstract algebra outgoing from the properties of convolution and
Titschmarsh’s theorem. This substantiation is simpler than the theory of integral transformations and assures
uniqueness of operations on the functions being integrable in the Lebesgue sense.

The solutions mentioned above contain two families of some special functions Bs,(x, y)and Bes,(x, y)defined by
means of a double power series of the form

«© x™ m~nyk

Bsixys Y Y Y2 S Besxy) @

m=max(0,n) m! k=0 k! k=n

df © xm+nym
Bes,(x,y) = ——— = Bs,(X,¥)— Bs, 1 ,(x, y). (5)
w(X, V) m=m§-n,0) E— (%, y) = Bp s 1(X, y

Both these families of functions are defined for each integer n. They are related to Bessel functions. In regard of this
fact, we have introduced the foregoing nomenclature for them. The demonstrated power series are absolutely and
nearly monotonously convergent in the Cartesian product Z; x Z, of the two open complex planes of variables z;
and z,. The majority function of Bs, and Bes, functions is the series of the exponential function exp (|z,] + |z,}). The
above properties are automatically the same for the function of real variables.
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The family of functions (4) is associated as well with the functions y,{x, y) [8]. The appropriate relations are

1 x y x
yz"(x’ y) - 5 [BSZII(‘,Z" Z)‘i‘BSZn(_ —iy - —2_)(

1 x y? x
) == Bspl = 2 )= Bsa| — =, = 2 [.
Yan+1(% ) 2[ 52 <2 2x) 32( 2 2x

The introduction of Bs,(x, y) and Bes,(x, y) functions permits us to obtain certain solutions in the so-called closed
forms[1, 2, 6] of the differential equations system considered here. It is also possible to obtain the same solutions
when the initial boundary conditions are different in form than those presented in this paper.

In order to apply the Bes, and Bs, functions to theoretical analyses of heat and mass exchangers, recuperators,
regenerators, ion exchangers and for different kinds of heavy equipment used in the chemical industry and in the
controf and protection of various physical processes, it is necessary to know the basic properties of those which are
presented in successive sections.

(6)

2. PROPERTIES OF FAMILIES OF Bes,(x. y) AND Bs,(x, y) FUNCTIONS

In this section we adduce basic properties of the families of Bes,(x, y) and Bs,(x, y) functions. Numerous
identities, differential formulae and formulae for finding the primary functions of some class of functions including
Bes,(x, y) and Bs,(x, y) functions are given.

2.1. Identities
Since series (4) and (5) are absolutely convergent, the order of summation may be changed. This property yields
the following identities

X

n/2
(;) 1(2/(xy), for xy>0

Bes,(x,y) = w2

(—~ E) “JA2\/(—xy)), for xy<O

Y ™
Bes,(x, y) = Bes_(y,x)
x"+Bes._ (x,y) =y Bes,(x,y), for n=20 or xy#0
o+ Bes,(x,y) = Bes,,(ocx, i—), for a#0
o+ Bes_ (ax,y) = Bes,(oy,x), for a#0 or n=0
and
BS,,(X, y)+Bs—(n— 1)(y’ x) = ex+y
n—1
{ &~ Y Bes(xy), for n> 1
Bs,(x, )+ Bs(3,%) = o
e+ 3 Bes(x,y), for n<0

k=n (8)

m—1
Bsn—l(an)_BSner(x,J’) = Z Besn+k(x7y)y fOf lam 2 0
k=-—1
BsZn—l(x’ y)+len—1(_’x9 _Y) = Bsz»(X,J’)‘f'Bszn(_x, _.V)

BsZn+ 1(X, J’)—Bz..+ l(_x’ _y) = BsZn(x’ .V)_BSZH( —X, _y)

Thesubsequentidentities may be obtained in a different way. The system of differential equations (2)is symmetrical
with respect to the change of both the first index of af; and b and vice versa. Simultaneously there exists the same
symmetry with respect to the change of independent variables x¥. Hence we have an analogous symmetry of the
solutions.
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The following identities result from the symmetry and the invariance of system (2) with respect to translations of
the coordinate system

y
Besolxy + X2, y) = Beso(xy, y)+ J' Beso(x1, 1) Bes {x,, y—n)dn
o

¥
Bes(x; +x3,¥) = Bes(x4,y)+ Besy(x,, Y)+j Bes;(xy,1)* Besy(x2, y—n)dn
0

X

2
Beso(x; + X3, y1 +¥,) = Beso(x, +x2)Y1)+J Bes(y,, §) " Besg(yy, x; +x,~E}dé

0

y2
+j Besg(x, ) Bes;(xy,y, +y,~n)dy

o

he

2
Bes (xy +x3,y, +¥,) = Besy(xy, y, +,Vz)+f Bes\(x2,n)° Besy(x1,y, +y,—n)dn

0

+J~ Beso(y;, &) Beso(yy, xq +x, — ) dg
0
Y ©)
Besy(y, X, +X3) = | Besg(xy, 1) Beso{x,, y—n)dn
o

Besy(x,y,+y2) = f Besy (&, y1)* Beso(x— ¢, y,}d¢
o

yz
Besq(xy, vy +n)° Bes (x,—x1, y, —n)dn

Bes(x,, y,) = Beso("u)ﬁ)‘*‘j
0

— j Bes_ (£, ) Besg{x, — &, y,)d¢
4]

x

2
Besy(x3,y5) = J Beso(x; +&,y1)" Besg(xy — &, y, —y ) dE

0

2
_J' Bes,(x,,n)* Bes (x5, y,~n)dn.
0

The identities above are used in various transformations when constructing the final forms of the solutions of
system (2). They are also used when finding the primary functions of some class of functions including the Bes,(x, y}
and Bs,(x, y) functions.

2.2. Differential formulae
The formulae for the differentiation of the considered families of functions are listed below

?B_s,g;f,_y) = g Bs, _{ox, ¥}
OBsolY) _ g s, (x,B) "
dy
and
@%ﬂ = g- Bes,_{ax, )}
@ﬁgy’"—@ = B~ Bes, . 1(x, By)- "

2.3. Formulae for finding primary functions

In this section a number of formulae for finding the primary functions of a class of functions including the families
Bes,{x, y) and Bs,(x, y) are given. The formulae below can be implied from identities (7) and (8) and differential
formulae (10) and (11). The integration constants are omitted here.
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When subintegral functions are expressed by means of the Bes,(x, y) functions, we obtain the following formulae

and

"

Besn(x7 y) dy = Besn-l(x’y)

[C e 6y)dy——(§)m-i( s O B, ity 60
k=0

e Bes,(x,y)dy = —(—a)* " '-e¥+Bs, —i,—fxy , a#0

J o (12)

y"e* Bes,(x,y)dy = —(—oc)“"“’-x"-e“"-Bs_,,<—z—,—ay), «a#0, n=20 or xy#0

[ 1 1 x x x

ye®” Beso(x, y)dy = — €| y* Beso(x,y)— ~Bso| ——, —ay |+ —5Bs_i| ——, —ay )}, «#0
o o o o a

LY

.
Bes,(x,y)dx = Bes, , ,(x,y)

m 1
(ﬂm) Bes,(yx, y)dx —;(ﬁ> Z (—pm* MBC’S,.H.H X%y, y#0

m

(13)
€** Bes,(x, y)dx = (—oz)""“’-e’”‘-Bs,,H(—ax, - —>, oa#0

~

x"e** Bes_(x,y)dx = f-fe“-Bes,,(x,y)dx, a#0, n=20 or xy#0

o

When subintegral functions are expressed by means of the Bs,(x, y) functions, the following formulae are valid

and

»

BS,,(X, y) dy = Bsn—l(xa Y)

m 1 m m 6

il 1 o
o Bs,(x,3y)dy = 5¢” ¥ (--) Bs,_y_ x5 670 (14
J i=0
N —e™- Z (—a)"_"Bs,‘<——{, —ozy), a#0
= «
¢ Bs,(x,)dy = y
’ | Bo,x, )= (o= 1Bs,f = £0, a#k —1
—_— — —— — a —
T | By o s\ — >~ ) | , o
o
BS,,(X, }’)dx = Bsn+ l(xa Y)
(ﬂ ) 1/B\" & (29
Bs,,(yx y)dx _:; ; * Z (_1) k.—E‘-—.Ber-m-#l—k('yx’y)’ b ¢0
e** Bs,{yx, y)dx = —e**+ y <——> Bsyr1+4yx,3), ¥ #0 (15)
Y i=
. ey (—a)""“"Bs,‘H(—zxx, —X>, a#0
= o
e** Bs,(x, y)dx = )

v e - y
B (=) 0B [ — _Z .
1 a[ 5a(X, ) —(—2) s,.( ox, a)] a#0, a# —1
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Making use of the differential formulae, equations (10) and (11), it is easy to derive the following two types of
formulae

1
‘[Besn(xs ﬁy) . Besn+ 1(x9 ﬂy) dy = W [Besn(ﬂx7 y)]29 ﬂ # 0

(16)
i 1
Bes,(ox, )~ Bes, _ (ax, y)dx = Eocz"‘ t.[Bes,(x,ay)]?, a#0
[ 1
BS,,(X, .By) ° Bsn+ l(x» ﬂy) dy = E [Bsn(x’ By)]z’ ﬂ # 0
- ) a7
BS"((ZX, y) - Bsn-— 1((1)6, y) dx = °2; [Bsn(ax’ y)]zs a#0.

Y

The properties presented above of the two families of functions make it possible to obtain the solutions of many
technical problems in a ‘closed’ form although the properties above are not completed. In this paper, we confine
ourselves to the analyses of the cross-flow recuperator and the heat transfer in the fixed clinker beds cooled by a gas
medium.

Further properties of the Bes,(x, y) and Bs,(x, y) functions and their applications, in the theory of regenerators
and heat exchangers in unsteady conditions, will be treated in another paper.

3. EXAMPLES OF APPLICATIONS OF THE Bes,(x, y) AND Bs,(x. y)
FUNCTIONS IN THE HEAT EXCHANGERS THEORY

In this section we describe a number of practical applications of the heat transfer theory examined in Section 2 for
the two families of functions Bes,(x, y) and Bs,(x, y).

3.1. The cross-flow recuperator
One of the simplest applications is the theory of the two-media cross-flow recuperator under Nusselt’s
assumptions [9, 107. This problem was considered in ref. [ 6], where the exact solution, adduced below, was found.
It is known that the mathematical description of the cross-flow recuperator under the assumptions mentioned
above reduces to the following system of two linear partial differential equations of the first order with constant
coefficients

oT,
¢ =~ Tiém+a T
(18)
oT,
5 =b T m=b T
n
and the boundary conditions
hiE=0n=1
(19)
{Tz(f,ﬂ =0)=0.
The final form of the solution was found [6] in the following form
{Tl(ﬁ, n) = 1—exp[—(al+bn)]* Bs,(ag, bn) (20)
T,(¢,n) = 1—exp [—(a + bn)]- Bso(al, by).

Itis easy to verify that equations (20) fulfil equations (18) with boundary conditions (19). However, in the case when
boundary conditions are defined by means of the exponential functions

T (¢ =0, n=A4," et 21
T(&n =0)= B, -eP
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the solution of the balance equations (18) is given by

b B
T'(f’")=A““"[‘(“A2+b)“'5+Az'n]+exp[—(aé+bn)]-{B‘:;a
x Bs [(B rag, =2 Ay Bsy =& (4,+b
1| (B2ta ’Bz+an —A, - Bs, mf,( 2t )r):l}
TE ) = b o)
2 ’rl)_AZ_'_bep - 1—A2+b a€+A2” +eXp[—(af+br’)] BI'BSO (Bz+a)¢,

N ab bA, .5 ab £ (4, +b
Bz+a'7 A, +b So A,+b » (Ao b ¢

It is worth underlining that, if 4, =1 and A, = B; = B, =0, then conditions (21) become equivalent to
conditions (19) and solution (22) reduces to solution (20).

Let us consider such a case when the inlet fluid temperatures are linear functions of appropriate coordinates. It
means, that

{Tl(f =0,nm) = Ao+ A4, n=Wn) 23)
Ty(&,n = 0) = Bo+ B, & = Wi($).
Based on the general solution [1, 5, 6] of system (18) one obtains
n n
T{En) = e_“é{VVl(n)[l +j e - Bes,(ab¢, u) d,u]—A1 J u e % - Bes,(abé, u)d/,t}-}—a ce”tn
4] 0
¢ g
x [Wl(é) J e” - Beso(abn, p)dp— B, J u-e” - Beso(abn, u) du:l
° o (24

" n
T, n) = be"'g[Wx(rI)' J e“"“'Beso(abé,u)du—Alf ue"""Beso(abé,u)du]+e“’"’
0

]

4 ¢
x {Wl(é)[l +f e Besl(abn,u)du]—Bl f pee” - Bes,(abn, u)du}.
o}

o}

We give this form of solution in order to pay attention to types of subintegral functions for which the primary
functions should be found.
Making use of the formulae presented in the previous paragraph, one finally obtains

(& m = Win)- [1 —e~ @ Bs,(ag, bn)] - :—Ax “{[1—e" ¥ Bs_ (al, bm]+ Wy(8) e~

x Bs,(ag, bn) + é B, -0« {bn[Beso(ag, bn) — Bsy(ag, by)] — Bs,(ag, bn)}
) (25)
T, 1) = W)+ [1—e™“**Bs(a, by)] — 5 A {(1 +ag)—e™ @+ [al - (Besq(ac, b)

+ Bs_(ag, bn)) + Bso(al, bn)1} + Wi(§)- e 7"+ Bso(ag, br)— Z “Byyre” @70 Bsy(ag, br).

At present, we are going to generalize a form of the boundary conditions (23). We consider the case when these
conditions are defined by means of polynomial functions of degree N and M, respectively

N
TE=0n) =) A n' = Wyln)
i=0

Mo (26)
Tn=0)= 3 Bi-&' =Wl
i=0
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The solution then takes the form

N {

; "
Ty&n) = e"’*[Wn(n)wL Ay (—l)k(;)ﬂi‘kj u"e’b“Besxtabé,;z)du]
0

i=Q k=0

M i ; 4
+ae™ Y B; ). (—U“(‘)é"‘ J w*e " Beso(abr, p) du
i=0 k=0 k o 27

M i : &
(& n) = e""’[WM(iH 2B Y (—D"(L)é""f u"e“”“Besl(abn,u)du]
i=0 k=0

]

N i : 5
+heTe Y 4 Y (— I)"(‘)rgi"" J ke ™ Besy(abé, p)dy.
i=0 k=0 k 0
Letusobserve that,for M = N = Qand 4, = 1, B, = 0, the solution above becomes identical with equations (20)
and, for M = N = 1, is identical with equations (24).
The following integrals occur in formulae (27)

¥ (x, 3 = jy" e*” Bes,(x,y)dy, a#0

(28)
(Dk(x’ y) = fyk e* BeSO(-x7y)dyv a#0.

In the previous section, we have given formulae for calculation of the functions W, and @, when k = Oand 1. For
any natural number k > 1, the following recurring formulae hold

1
Wilx,y) = . [y* e Bes(x, y)— (k— DWWy - (%, )~ XDy (x, )], @ #0

. {29)
Dyxy) =~ [V*e® Besg(x, y)—k - ®,_ y(x,y) ~¥ylx, 1], a#0

where

Yolx,y) = Me”y'le(w 2, —-ozy), u#0
| ; 60
Dolx, ¥} = p e Bsn( —— —ocy), o # 0,
o

Relations (29) and (30) are next used in formulae (27). We do not present possible transformations of solution (27}
because formulae (27) and (30) constitute a sufficiently clear algorithm for eventual numerical calculations.

We call the reader’s attention to the fact that, due to introducing the two families of Bes,(x, y) and Bs,(x, y)
functions, finding solution (27) with boundary conditions (26) is available without refering to approximate
analytical or numerical methods.

The presented examples do not exhaust all possible forms of boundary conditions which may be associated with
system (18). However, one should note the fact that, the problem of finding a solution of this system of equations
with every type of boundary condition may be reduced to calculation of appropriate integrals for which
subintegral functions involve functions from the family (5). The knowledge of determining primary functions
enables us to obtain the solutions in the so-called closed form. If boundary conditions are such a type that it is
impossible analytically to calculate some integrals, occurring in the solution of system (18), or if determining of
primary functions is not purposeful from practical reasons, then these integrals are calculated numerically.

Apart from this, such a method of determining a solution is better than approximate analytical and numerical
methods becauseit leads to more precise results and less time is necessary for calculations. What is more, there does
not exist the problem of convergence which is essential in approximate methods.

3.2. The fixed clinker beds cooled by a gas medium

Another example of applications of Bes,(x, y) and Bs,(x, y) functions is the problem of heat transfer in fixed
clinker beds cooled by a gas medium. Necessity of its solution appears during the determination of the volumetric
heat transfer coefficient, which is one of the basic parameters defining physical properties of the beds. Theoretical
and experimental analysis reduces to the exploration of unsteady thermal conditions caused by an appropriate
heat source located in the control plane in front of the beds.

Under some simplifying assumptions, this problem consists of finding a solution of the differential equations
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system describing the energy conservation of the beds and a gas medium [1]

o6
%~ 0
00, 0 _, (3D
H ot PY: =U; 2
with the initial boundary conditions
01, ud)=0
(32)
{92(0, 7) = f(2).
This problem was solved in ref. [1] under the assumption
fr)=1—e™", k#1 (33)
In this case, the solution is given by
1 1
0,(&,7) = 1+exp {—[(1—p¢+7]} {m Bso[l — & (—K)r—pd)]
1 1+ 11 —x)
—Bso(¢,1 *llé)} I exp {K[L - T]}
—K 1—k
(34)

1
0x(&7) = L+exp {—[(1—p)¢+1]} {le[— &( —K)(t—ui)]

1—x
1 1-—-
—Bsy(¢, T—HE)}—CXP {K[—ilti_;ﬁ C—T:I}-

The solution for the case when x = 1, omitted in ref. [ 1],is given in the Appendix. Now, we consider the case when
the initial condition is as follows

fly=1—4,"1. (35)

Below, the method of finding a solution for the differential equations systems (3) described in ref. [1], is applied.
Observe that system (31) is a particular case of system (3). Since in the case considered the matrix [c;] is not
singular, the system above may be reduced to the form (2).

The transformation of variables

*=¢
yields
00%
Gor =010
37
W% _ gr_pr ‘
oE* ?
where
df
04&, 1) = OX(E*,7%) = OFS v —pd). (38)

The following initial boundary conditions

{9’{‘(5*, 0)=0 (39)

03(0,7%) = /(s*)

are associated with system (37).

The problem of unsteady heat transfer in the beds was reduced to finding of a solution of the same differential
equations system as in the case of the cross-flow recuperator. For these reasons, we pay attention to those elements
which were omitted above when determining solutions of system (18) and to the inverse transformation of
variables.
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The solution of system (37) with the initial boundary conditions (39) may be expressed as

OHE*, ) = e”‘"'f S*—n*)-e7 " Beso(S*, n*) dn*
0

. (40)
Z{(aR A e R [f('c*)*j J@*—n*)e™m- Besl(f*,n*)df?*]
o
After the inverse transformation of variables, we arrive at
(et 14
8(&)=e"%- J Sfx—u&—nye™" Beso(&, m) dn
¢ e @1)
62(E 1) = e‘¢[f(f-#§)+f fe—pE—n)re Besl(ﬁ,n)dn]-
0
It is interesting to note that the important relation
203 o df
E; k=0 - “&‘* =0 (42)

instantly results from equations {40). This fact was observed in ref. [1]. This formula may be used when elaborating
a method of measurement of the volumetric heat transfer coefficient.

Since
W) = e By (£ e Y
O4(E%, ) = —e™ [ Beso£*, ) + Bof£¥, )+ E¥Bsy (6%, 7] “
and
W\(E4,0) = —grecF
{dn(e:*,m = (e “@

solution (40} with initial boundary conditions (35) may be written as
OHEr, %) = (1— A, - 7%) - [1—e~ €+ ™Bs(E*, )] — 4, {e "€+
% [7* - Beso(*, T¥) + Bso(&*, v*) + &*Bs_ (%, t)] - (1 + &%)} (45)
E* M) =(1— A [ e Y IBs (&% 0]+ 4, - 1 —e ¥ Bs_ ,(£*, %]
Next, after the inverse transformation, these expressions may be rewritten in the form
0,61 = [1 Ay (= pdF {1 —e 70 Bsg(l, 1— pl)) — A, {e 71 708% - [(1 - pg)
x Beso(¢, T — p€) + Bso(&, 1 —ul)+ & Bs (&, 1—ud)]-(1+ 8}  (46)
0,6,1) = [1~A; " (t~pd)l {1 —e MW B (& 1 —p)} + A, E{1 —e M 7WE+Bs_ (£, 71— pd)).

If unsteady thermal conditions in the system: fixed clinker beds—gas medium are caused by such temperature
changes in the inlet clinker beds section which may be approximated by the function

N
f@=1-3% A7 @n
i=1
then solution (40) takes the form
N

OHE*, T = [1—e™ @ "™ Bsg(2%, o] -(1 -3 Af-z*")~—A1{e"'f'“‘*

i=1

x [1* Beso(&*, T) + Bso(&¥, ) — E*Bs_ (&%, )] (1 + &%)} +Q,(¢*,1%)  (48)

N
O3, 7*) = [1—e““‘”"’Bs,(é*sT*)](l" ) Ai'f*i)JrAz'5*[1—e“‘§'*“’Bs»1(é*. ]+ Q4(8%, %)

i=1

where

N i >
Q5™ =~ Y 4, ) (—Uk(;c)ﬁi_k[d’k(ﬁ*,r*)~®k(5*,0)]

i=2 k=1

Ll )
0,(8* ) = —e" Y 4, ) (—l)k(k)f*""[‘ﬂ(f*,r*)—‘Pk(é*,O)]-

i=2 k

=1
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Taking into account expressions (29) and the formula

A3 -0()= - (50

one obtains

QuE%, %) = — e [Besy(E, )+ Bes, (&%, ] T, A t¥i—e ¢ T A, T (- 1)*( )r*"-"{(k—l)

i=2 i=2 k=1

X D= 18 79) = e (€% O+ (k-4 8 [0 -8, 7% — By (%, 001}
N N i i
Qg% =~ Beso§ ) 3, A eH—e ™ Y ALY (—U“(L)

X TR {ER [Dy(E*, ) = B4 (£%,0)] +(k— 1) [F— 1 (8%, 1% — Fy— 1 (E*, O)T}

Next, these relations should be taken into consideration in solution (48). The inverse transformation is carried out
in the same way as in the two previous examples.

Observe that, if A, = A3 = - = Ay = 0, then the latest solution becomes identical with expressions (45). If, in
addition, 4, = 0 then this solution becomes identical with equations (20). An analogous analysis may also be
carried out in the case of solution (27).

(50

4. FINAL REMARKS

(1) Special attention should be paid to one of the identities (7). This identity determines the relation between Bes,,
functions and nth order first kind ordinary and modified Bessel functions J, and I,. Making use of intermediate
results [6] obtained in the course of solving the problem (18) and (19), one can write solution (20) in the form

T nm = e‘“‘f'[l +f" ¢~ Bes,(ab¢, ) du]
’ (52

n
Ty(&,n) = b-e‘“é'f e % - Beso(ab&, ) dp.
o

For considered values of arguments, the Bes, functions are related to modified Bessel functions I,. Taking into
consideration the foregoing mentioned identity in solution (52), one obtains

Ty n) =e % {1 +(ab&)'? _J‘"

[}

e 1, [2abéu)*Tu~ 2 du}
(53)

T&m = b'e"“‘fﬂ e Io[2ablw)'*]1dp.
V]

In such forms [4, 11] are cited solutions of various technical problems described by the system of differential
equations of the form (2) or (3). However, let us note that making use of the definition

BS"(X, y) = Z Besk(x7 y) (54)
k=n

and using as well the previously discussed identity, one obtains solution (20) as well as solution (53) in the following
form

k2
(&) =1—e @ Z ( ) I[2(ab¢n)'?]
(59)
—(ak+b < (a4 K2 1/2
Lm=1—e "3 =) Ll2abén)'?].
k=0 \b"
Similar transformations can be also done for the remaining solutions written in the preceding section. In refs. 1,2,
5, 6], the relation between the family of Bes, functions and the Bessel functions was not exposed properly.

(2) It seems that solving differential equations (2) or (3) using Bes,(x, y) and Bs,(x, y) functions is much more
effective than that based on the so-called fundamental function [4, 12, 13] of the form

J(x,y) = 1—6*"Jxe_“'lo[2(ﬂy)”2] du (56)
0
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or
Bx,y) = [1—J(x, p)]e* " 57

\.) ) in the SCope of the problems contained here ref. [14 _| is worth a note. Montakhab obtained in prmupw the

identical solution of the problem which is equivalent to equations (18) and (19) or equations (31) and (32} in a
different way. However, he restricted his attention to the analysis of one particular case, not trying the
generalization presented in refs. [1, 2, 5, 6] and also in the present work.

(4)Itshould be stated that itis possible to obtain the solution in the closed form of differential equation systems in
the form of equation {2) or equation (3) with various boundary or initial boundary conditions. Therefore, thereis no

THIOICUUAllOI &) 101 11 PDOUIN 141 U

need to use approximate methods. Only in cases of especially comptlicated forms of boundary or initial boundary
conditions is it necessary to calculate some integrals numerically. However, it is a much easier task than
numerically solving systems of equations of the form of equation (2) or equation (3).

(5) The systems of differential equations considered in this paper have the differential form of energy balances
and arerather commonly used in the theory of heat transfer and in chemical engineering. The assumptions made in
the course of simplifying the full energy balances can be accepted in the analysis of many physical phenomena and
chemical processes. This fact proves the potential possibilities of the proposed method of obtaining the solutions
and of the Bes,(x, y) and Bs (x, v) functions.

Al RIE DEX S Al DSX; V) IMICLONS

(6) The relanon between Bes, functions and Bessel functions J, and I, enables one to obtain many primary
functions for subintegral expressions containing the mentioned Bessel functions. The majority of results obtained
in this way is not given in the commoniy known and highiy estimated work {15].
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APPENDIX

If we set x = 1 in the initial condition (33), then the solution given by formulae (34) possesses singularity which may be
¢liminated by taking the limits

Gl D=y =limb(&T), i=12 (Al
k—+1
In order to show this, solution (34) is rewritten in the form

8:(&,7) = 1 —exp { ~[(1 — ) + 11} - Bso(&, 1= p&)+ Po{é, )
0,(&, 1) = 1 —exp {—[(1 — ¢+ 1}« Bs (&, 1 —ul)+ Pol¢, 1)

(A2
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where

1 1 1 T4p(1—
P = exp{—[(l—u)€+r]}'Bso[ &(l—x)r—pd)]- eXp{'{ﬂ(——x)é—f]}

1-x 1—-k 1—x 1—x

1 1 1-
Py, ) =exp{—[(l—p)+7l}- BS;[ &U—xK)r— ué)]—em {{:M 6—1]}-

1—x 1—k

(A3

In the sequel we shall only transferm terms P;, i = 1, 2. First, we write them in the form

1 1 1
Py 1) = —exp{~[(1—p)+11} 'E'{CXP[I—_;&L(I —K)(T—#é)]—Bso[l — & —K)(T—ué)]}
(A4

1 1
P,y = —exp{—[(1—-p)¢+}- {exp [m E+(l—1)(x— ué):l— le[m & (- —ué)]}-

Applying in turn:
(1) one of identities (8), namely
e**? = Bs,(x, )+ Bs_q_ 1)1, X),
(2) definition (5) in the form
Bs,(x,y)— Bsy+1(x,y) = Bes,{x, ),

(3) one of identities (7), namely
o+ Bes,(x,y) = Bes,,(ax,X), a#0
o

one obtains

1 1
P& = —exp{—[(1—u)é+T]}‘{BeS—;(é,T—ué)— - BS:[(l—K)(T—#C)»mi]}

{A5)
1
Py 1) = —exp{—[(1—p¢+rl} ‘{Beso(é, f—#é)—le[(l —x)(r “”‘f)’fx 6]}
We have the following relations
. 1 1 = T LI S mSEE
—_ 1—K)(r—p&),——E |p =1 -1y - =
lim {1 — Bszl:( e — ) T CJ} lim ¥ == Y T O
- (A6)
. 1 - nrg 1
B —xkft—pub),—¢ | = —(1—r)" — =
1111} sl[(l k)t —pe), T f] 1111: ,..; pr (1—x) RagiTE—
because the value of k is always less than m, A max (k) < m. Consequently, the final forms of terms P,, P, are
Pi¢7) = —exp{—[(1—p)¢+7]}-Bes_ (& 1—pé) (A7)
P&, 1) = —exp {—[(1—p)¢+1]} - BesolS, T —pd)-
Substituting relations (7) into expressions (1), we obtain the solution for the x = 1 case in the form
0,6, 1) = 1—exp {—[(1 )¢ + 11} [Bso(¢, 1 — ) + Bes— (¢, T— ué)] (A8)

0,(8,7) = 1—exp{—[(1 — )¢ + 1} - [Bsy(&, T — ué) + Beso(S, 1— ud))-

The same result may be obtained by straightforward checking from formulae (41).
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PROPRIETES DES CERTAINES FONCTIONS SPECIALES ALLIEES AVEC LES
FONCTIONS DE BESSEL ET LEURS APPLICATION EN THEORIE DES ECHANGEURS
DE CHALEUR

Résumé—On a présenté les propriétés de base, alliées avec les fonctions de Bessel, des deux familles de
fonctions Bes,(x, y) et Bs,(x, y) lesquelles sont définies 4 I'aide des séries entiéres:
af © xmm-n yk
Bs(x,y)= Y =3y =
m=max(0,n) m' k=0 k'

@«

B ( ) df Z
es,(X,y) = —_
" m=max(—n.0)(m+n)!m

xm+nym

On a donné les nombreuses formules qui sont de la forme d’identités, les régles de dérivation et les formules
pour calculer des intégrales desquelles les fonctions sous-intégrales comprennent les séries entiéres citées ci-
dessus. Puis, on a démontré quelques applications des fonctions Bs,(x, y) et Bes,(x, y) en théorie d’'un
récupérateur i courants croisés avec brassage et ’un gisement immobile de clinkier qui est refroidi par un gaz.
On a considéré quelques cas des conditions aux limites et conditions spatio-temporelles. Les résolutions
obtenues sont exprimées sous la forme analytique. Cette forme a une supériorité évidente sur les solutions
approximatives. Les fonctions Bs,(x, y) et Bes,(x, y) peuvent étre appliquées en analyse théorique de différents
types des échangeurs de chaleur et de masse, d’appareils utilisés en génie chimique et en théorie de réglage et
protection de considérable nombre des processus physiques.

DIE ANWENDUNG DER SPEZIELLEN MIT BESSELFUNKTIONEN VERWANDTEN
FUNKTIONEN IN DER WARMEAUSTAUSCHERTHEORIE

Zusammenfassung—In der vorliegenden Arbeit sind grundlegende Eigenschaften der speziellen Funktionen
Bs,(x, y)und Bes,{x, y), die mit Bessel-Funktionen verwandt sind, dargestellt. Die erwihnten Funktionen sind
mittels der Potenzreihen von zwei Verinderlichen definiert. Die entsprechenden Potenzreihen sind von der
Form:

daf o x™m m—nyk
Bsn(X,)’) = Z _' T
m=max(0,n} m -0 k!

© m+n.m
« X"y

Z (m+n)im!’

m=max{—n.0}

Bes,(x,y)

Es sind dabei zahlreiche Formeln fir die Identititen, die Formeln fiir die Differentiation als auch die Formeln
fir die Integration der erwihnten Potenzreihen angegeben. Um die Anwendung dieser vorgeschlagenen
Potenzreihen zu erldutern, sind cinige Beispiele, wie z.B. der Kreuzstrom-Wirmeaustauscher und der
Klinkerkiihler, durchgerechnet. In der Betrachtung sind verschiedene Rand- und Anfangs-Bedingungen
angenommen. Die Losung dieser Aufgaben ist in geschlossener Form dargestellt, was besonders im Vergleich
zu den angeniherten analytischen und numerischen Lsungen vorteilhaft ist. Die Funktionen Bs,(x, y) und
Bes,(x, y) konnen auch in der theoretischen Analyse zahlreicher Warmeaustauscher, Regeneratoren und
chemischer Apparate angewandt werden. Unabhingig davon kénnen die oben definierten Funktionen in der
Regeltechnik zahlreicher technischen Aufgaben, die in der Physikochemie auftreten, behilflich sein.

O CBOMCTBAX HEKOTOPBIX CMELMAJIBHBIX ®YHKLIUN, CBA3AHHBIX
C ®VHKIMAMU BECCEJA, U UX NMPUMEHEHWH TTPU PACYETE
TEMNJIOOEMEHHHKOB

Annoramus—PaccMOTpeHbl  OCHOBHble CBOWCTBa (yHkumit Bs,(x,y) ¥ Bes(x,y), CBS3aHHBIX C
bynxuusmu Beccelis u onpenenseMbiX ABOHHBIMH CTENEHHBIMH PANAMH

df . X y
Bs,(x,y) = — —
m= m§10 m Mo k!

x xln+nym

dr
N e TN A
Bes"(‘x’}) m=max1‘n.0)(m+n)!m!‘
INpuBeneHs! MHOTOYHCIIEHHBIE TOXAECTBA, AM(GEPEHIMANBHBIE PABEHCTBA H QOPMYIIEI /1A pacyeTa
HHTErpaJjioB, MOALIHTErPajbHBIE BHIPAXEHHS KOTOPHIX BKIIOMAKOT YKa3aHHBIC BbIlE CHEUMAJIBHBIE
¢ynxuun. Takke nokasano npuMeHenne GyHkuuit Bs,(x, y) n Bes,(x, y) IpH pacyeTe PeKynepaTHBHbIX
TENN0OOMEHHHKOB C NEPEKPECTHBIM MMOTOKOM H aHAJIH3€ TEIUIONEPEHOCA OXJAXAACMBbIX ra3oM CIIOCB
minaka. PACCMOTPEHO HECKOJIbKO C/Ty4aeB IPaHHMYHBIX H HAYANMbHBIX YC/IOBHH. PelueHus, npeacTapieH-
Hble B T4K HA3bIBAEMOM 3aMKHYTOM BHJE, Jy4lle, YeM NOJy4eHHbIC NPHOIHMKXEHHBIME METONAMU.
Oynkuud  Bs,(x,y) B Bes,(x,y) MOXHO HCNOAL30BaTh VIS aHAIM3A TEILIO-H MaccOOOMEHHHKOB,
pereHepaTopoB, HOHOOGMEHHHKOB M Pa3/IHYHOTO POAA TAXEIOro 0GOpYHOBaHHS, NPUMEHSECMOTO B
XMMHMYECKOH TNPOMBILLICHHOCTH. OHH MOTYT Takke€ HCHO/Ib3OBATECS JUIA KOHTPOJIS Pa3/IH4HBIX
(HU3UHECKHUX NPOLIECCOB.



